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Abstract

This paper proposes an optimal galloping trajectory, which costs low energy and guarantees the stability of the quad-
ruped robot. In the realization of fast galloping, the trajectory design is important. For a galloping trajectory, we pro-
pose an elliptic leg trajectory, which provides simplified locomotion to complex galloping motions of animals. How-
ever, the elliptic trajectory, as an imitation of animal galloping motion, does not guarantee stability and minimal energy
consumption. We propose optimization based on energy and stability using a genetic algorithm, which provides a ro-
bust and globally optimized solution to this multi-body, highly nonlinear dynamic system. To evaluate and verify the
effectiveness of the proposed trajectory, a series of computer simulations were carried out.
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1. Introduction

To date, much previous research on legged robots
has been conducted. Among those, quadrupeds are
able to use the terrain conditions for minimizing en-
ergy consumption. There are several merits for using
quadruped robots as mobile robots. They can walk or
run over an uneven surface, such as in a forest, with-
out leading to undue damage to the environment.

Galloping locomotion can be simplified as throw-
ing a ball with a spring once we assume that the run-
ning motion can be viewed as simply iterations of the
flight and thrust. If there is no external resistance, a
ball with a spring can continually bounce back off the
ground. The so-called spring-loaded inverted pendu-
lum (SLIP) was used to generate the motions of a
running robot, and the angle between the mass center
and the foot; the stiffness of the contact leg and the
contact velocity were identified as important variables
[1, 2]. The relations among the running speed and the

T This paper was recommended for publication in revised form by
Associate Editor Doo Yong Lee

*Corresponding author. Tel.: +82 2 2220 0435, Fax.: +82 2 2298 4634

E-mail address: jongpark@hanyang.ac.kr

© KSME & Springer 2009

flight phase duration were researched [3]. Many oth-
ers developed schemes of running based on the SLIP
model [4-6].

Raibert also developed the fastest quadruped robot
with a running speed of about 2.9 m/s [1]. His ma-
chine uses prismatic legs with pneumatic and hydrau-
lic actuation. Marhetka simulated a planar quadruped
that sustained its a speed of close to 7 m/s [7]. This
system used prismatic legs with electrical actuation
and moved at a speed high enough to benefit from
galloping. However, those mechanisms are vulnerable
to impacts despite the fact that the multi-joint leg can
compensate for energetic impacts. Nichol studied a
set of models and the design requirements, which
facilitate the design of a quadruped machine capable
of gallop gaits [8]. Quadruped design begins with the
design of the legs. A spring-mass inverted pendulum
model is used and has been shown to describe ener-
getic legged locomotion.

Animals show their marvelous abilities in adapta-
bility and energy efficiency as an instinct. Animal-
like locomotion is ideal and the ultimate goal we
should pursue [9]. A computer simulation of gallop-
ing was successfully performed based on elaborated
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trajectories and optimization in [10]. As a simple
method of imitating a typical animal gallop, trajecto-
ries for galloping were proposed based on the ellipse
[11]. However, the timing of foot contact with the
ground and lift-off was predetermined and constant,
and the phase difference between the front and rear
feet remained constant regardless of the galloping
state. In time, robot trajectories were modeled as
polynomials and the robot state was parameterized
with a polynomial function, which was used for opti-
mization by a genetic algorithm [12]. Among the
many optimization algorithms, genetic algorithms are
the best for finding global solutions in highly nonlin-
ear systems [13, 14].

In the current work, we propose an optimized el-
lipse-based leg-trajectory of quadruped robots based
on a real-coded genetic algorithm (RCGA). Timing of
elliptic foot motions is optimized when given a gal-
loping speed. The RCGA is used mainly due to its
simplicity, speed, and ease in dealing with complex
constraints. In computer simulations of the galloping
of a 6-DOF quadruped robot, the commercial soft-
ware RecurDyn” is used. The simulations show that
the proposed trajectory is energy efficient while main-
taining galloping stability.

This paper is organized as follows. Section 2 intro-
duces the quadruped robot model in the sagittal plane,
which is used in the current work. An ellipse-based
trajectory-generation and phase detection are also
explained along with the configuration of the robot
controller and the impact force control algorithm.
Next, in Section 3, the energy and stability optimiza-
tion with GA is explained. The results of computer
simulations of galloping are also covered in that sec-
tion, followed by conclusions in Section 4.

2. Ellipse-based trajectory generation
2.1 Quadruped robot model

The size of the quadruped robot considered in this
paper is similar to that of a typical dog. At each leg,
there are two active pitch-joints, one roll-joint, and
one passive pitch-joint. The purpose of the passive
pitch joint is to function as a spring used in the SLIP
during galloping. Fig. 1 shows its 2D model on the
sagittal plane, along with the coordinate frames for
the front and rear leg. A force sensor is assumed to be
installed at the sole of the foot. The length of each
link, spring coefficient, damping coefficient, and the

Table 1.
A. Specifications of the quadruped robot.
Front Rear
Length Mass Length Mass
Linkl 0.13m 047 kg 0.15m 0.57 kg
Link2 0.18 m 048 kg 0.15m 0.18 kg
Link3 0.1 m 0.18 kg 0.1 m 0.18 kg
Base link 0.6 m 17.7kg |Total Mass| 20 kg

B. Specifications of passive legs

Front spring Rear spring
coefficient 80 Nm coefficient 80 Nm
Front damping 1 Nms Rear damping | Nms

coefficient coefficient

Fig. 1. Frame assignments for the 2D quadruped robot.
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Fig. 2. Elliptic trajectory.

Thrust Phase

total mass are summarized in Table 1. Later, the
quadruped robot is simulated with the commercial
software RecurDyn®, a computer program for dy-
namic model simulation.

2.2 Elliptic trajectory generation

The trajectory of each leg is based on a trajectory
ellipse. More specifically, the shape of the trajectory
of each foot relative to its shoulder is an ellipse. An
elliptic trajectory of each foot is divided into three
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different sections depending on the gallop phases of
the quadruped robot. The first section is during the
time of fall of the robot body (or base) from its peak
elevation until the foot touches the ground, or Free-
Fall Phase. The second is during the time when the
foot is in contact with the ground and the body is
pushed forward with respect to the ground, or Thrust
Phase. The third is during the time between the mo-
ment that the foot and the body are completely off the
ground and the moment that the body reaches its peak
elevation level, or Lift-Off Phase. Fig. 3 shows these
three sections of an elliptic trajectory of a leg. The
elliptic trajectory in each section is denoted by
¢,(¢),i=1,2,3 . Free-Fall, Thrust, and Lift-Off Phases
are associated with elliptic trajectory sections 1, 2,
and 3, respectively.

It will be assumed for the time being that the ellip-
tic angles of transition from one section to another are
known. Suppose ¢ , ¢ ,and ¢ denote the ellip-
tical angle of the leg trajéctory at the transitions from
section 1 to section 2, from section 2 to section 3, and
from section 3 and section 1, respectively. These
three angles are to be determined optimally later with
a genetic algorithm.

The first section starts when the COG of the robot
is its peak elevation level and ends when the corre-
sponding foot comes into contact with the ground.
During this motion, the COG velocity is always nega-
tive, i.e., Z.,; <0. The ellipse angle for the first sec-
tion is modeled as a third-order polynomial of time ¢.

q)l(t)za13t3+alzt2+a11t+a10 (1a)

The elliptic angles for the second and third sections
are similarly modeled as a first-order and third-order
polynomials, respectively.

¢2(t)=a21t+a20 (1b)
¢3(Z)=a33t3+a32t2 +ayl+ay, (1e)

FiD J y 5
Controlie: » :‘:m—‘

Fig. 3. Outline of the control system.

There are fen unknowns in the polynomial coeffi-
cients, which are to be determined. First, the continu-
ity in the angular position and speed at the intersec-
tions require:

9()=0.(z) (22)
9 (65)=0.() (2b)
AEAY (20)
9(c)=4.(2) (2d)
9 ()=9, (z ) and 2e)
6.(1)=4(c). 20

where tlj denotes the time when the transition be-
tween the i-th and the j-th sections occurs.

Note that the transition times introduced here, ¢,,,
t,»and 7, also have to be determined. Without loss
of generality, the time is set to be zero when the COG
of the robot is initially at its peak. And, the moment
of touch down can be computed based on the eleva-
tion of the COG relative to its position at the moment
of touch down. If it is assumed that the whole body of
the robot is modeled as a mass, it falls freely under
gravity, and with no initial velocity for the distance
of H and the duration of the fall is:

At =.2gH . 3)
Thus,
t,=At, . @

Also, at the moment of touch down and lift-off, its
angular speed is set to be

b (r)="2 )

where v, is the desired forward speed of the robot
and A, is the half of the minor axis of the ellipse.
Note that in the second section of leg motion, the
speed of the COG of the robot is reversed due to the
vertical ground reaction force, which will be ex-
plained in Section 2.4, 1.e., Z.,; <0 — Zy; >0.

In addition, suppose that the transition angles are
known, and thus

[a(c) e(s) a(n)] =¢. ©
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Then, Egs. (2a-2f), (5) and (6) work as ten con-
straints for solving the unknowns in Eq. (1).

Finally, the cycle time to complete one elliptic tra-
jectory is set to be T:

£,=T. %)

If the vertical GRF is symmetric in time, the dura-
tions of the flight-off phase (section 3) and the fall-
down phase (section 1) will be identical:

tl*z = T—f; =At; . ®)

The time span in which the forward thrust is gener-
ated, or the duration of the second section of leg mo-
tion, becomes

t, =T -2At, . &)

Once cycle time 7 and the maximum vertical
elevation of the COG of the robot relative to its verti-
cal level at the moment of the foot contact with the
ground, H , are set depending on the gallop pattern,
all the timings for the sectional transitions can be
determined by Eqgs. (7), (8), and (9). This is similar to
the case of a SLIP model, where only two parameters
of the spring stiffness of the leg and the hopping pe-
riod determine the vertical motion characteristics.

Now, from the angle information we obtained of
each section, the end point of the robot leg is deter-
mined by the following elliptic equation.

x(t)=A -cosg(t)+ x, (1)
z(t) =4, -sing(t)+z, (1)

(10a)
(10b)

where (xc, z.) is the location of the center of the
trajectory ellipse of the corresponding leg, which will
be changed for control of the vertical ground reaction
force as explained in Section 2.4.

2.3 Configuration of controller

The controller used for the quadruped robot has
five components: phase detection, force control, ellip-
tic trajectory generator, inverse kinematics, a PID
controller as shown in Fig. 3. RecurDyn", a commer-
cial software for simulating dynamics, is used to
simulate the dynamics of the quadruped robot. The
controller is written in the environment of Matlab. For

example, the torque inputs to the motors or the Re-
curDyn™" inputs are computed in Matlab codes.
Status on foot contacts is assumed to be determined
by sensors and actually obtained from RecurDyn™"
during simulations. The desired trajectories of the
legs in Eq. (10) are transformed into the desired joint
trajectories of the links of the robot. PID controllers
are used to track the desired trajectories. Note also
that different values for PID gains are used depending
on the trajectory section. This is due to minimized
ground impact at the touch down.

2.4 Impact force control

In order to control the balance of the body while
maintaining the gallop height at the desired level, it is
extremely important to keep the ground reaction force
appropriately. The desired vertical ground reaction
force should be carefully computed and controlled so
that the pitch angle of the body (or base) remains
small and the galloping is stable.

The intended force trajectory is derived from the
following method. First, the governing equation of
momentum is

A(mv)= [ Fdr (11)

where (mv), #,, and F' are the linear momentum,
the duration of the contact and the contact force, re-
spectively. Considering the motion of the robot in the
vertical direction, the contact force F' is the so-called
vertical ground reaction force (GRF). The desired
vertical GRF is proposed to be modeled as a sinusoi-
dal function of time #:

F(t)= Fsin(?t

JZO, 0<r<1, (12)
where 7, is the expected duration of contact. Note
that the actual duration of contact is not known

From Egs. (11) and (12),

A(mv) =My, ~My, =" R =F¢i{1—co{ﬂ;ﬁﬂ (13)

where v, =,/28hc0, Which is the COG velocity
at liftoffand v,, is the COG velocity at touchdown.

Then, under the assumption of ¢, =1, ,
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|| =%(Mv,0 ~Mv,), (14)

e

Assuming further that the maximum height of the
center of gravity from the ground is constant at H
all the time, that is,

Vi, =Vy =A28H , (15)
M \2gH

|71

(16)

e

In order to keep the pitch angle of the main body
(or base), 6, , steady at zero, the robot has to distrib-
ute the vertical GRF to the front and rear legs. This
force trajectory is distributed to both legs as shown in
the following equations.

T
—t

F/(t)stin[t Jﬂ(l—sin(ﬁb)) 17)

e

where 7 is 1.04 and 2.73 for front and rear legs,
respectively, which are tuned in a simulation.

The desired GRF in Eq. (17) is to be tracked at the
foot. The force measured at the feet is compared the
desired GRF, and any error would result in the change
of the center position of the trajectory ellipse propor-
tional to the error. When the contact force is smaller
than the desired force, the corresponding trajectory
ellipse is lowered vertically. In the other case, the
trajectory ellipse center moves up and reduces the
vertical GRF. In this work, the center of the trajectory
ellipse changes only in the vertical direction, i.e., z,,
changes depending on the force tracking error. The
block diagram of a force tracking control scheme is
shown in Fig. 4. Since the information from the force
sensor is very fluctuant during the contact with the
ground, it is often difficult to adapt the force tracking
control. To solve this problem and to increase the
robustness of the force control scheme, low pass fil-
ters are used for measured GRF and for the output,
which is modification to the center position of the

+ - zR 2F
Force trajectory L E;I' tl'
3 iptic

Trajectory

Contact
Force

Filter Robot

Fig. 4. Force control block diagram.

trajectory ellipse. The low pass filter is in the form of
Yt+)=eY(@)+ Ut +1)(1-e )

where U and Y are input and output of the filter,
and 4 is the control loop-time.

3. Energy and stability optimization with GA

3.1 Genetic algorithm

A genetic algorithm is used to solve many optimi-
zation problems because it is robust and can find a
globally optimal solution even with a highly nonlin-
ear cost function. Since there are many nonlinear
components involved in the galloping of quadruped
robots, it is highly desirable to use a genetic algorithm
in finding the globally optimal solution.

A GA operates in conjunction with the dynamic
model of the quadruped robot, as shown in Fig. 5. At
the first step of the process, an initial population is
created as a starting point for the search. With a tra-
jectory based on the initial parameters, a numerical
dynamic analysis is carried out. From the numerical
dynamic simulation, the objective function is evalu-
ated.

Only if the value of the objective function is above
a given threshold are the chromosome or the parame-
ters of galloping expected to participate in the repro-
duction process through crossover and mutations. An
efficient individual is selected more frequently and
reproduced. On the other hand, an inefficient individ-
ual disappears from a population. The crossover op-
erator takes two chromosomes and swaps part of their
genetic information to produce new chromosomes.
The mutation operator produces new genetic struc-

| Create a initial population ‘

! I

Evaluate the fitness !
With Dynamic simulation 1 —

l 1

GA OPERATERS

STOP

Fig. 5. Flow chart of a running cycle.
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tures in the population by randomly modifying some
of the genes, helping the search algorithm to escape
from a local minimum point.

If the quadruped robot falls on a gallop or becomes
unstable, the value of the objective function becomes
high. Thus, in the next generation, the penalized
population will become useless elements from the
elite group, securing the stability automatically. The
offspring produced by these genetic processes are the
next population to be evaluated, and these processes
are repeated until a satisfactory individual is found or
other stop conditions are satisfied.

3.2 Cost function and design variables for optimiza-
tion.

The cost function to be minimized by the algorithm
is set to be:

J =[(P"QP+ F"RF)dt

f

where P and F denote the power consumed at the
motors and the squared value of contact force applied
at the feet, or GRF, in the vertical direction by the
ground, respectively, and Q=R=I. The cost function is
to minimize the consumed power during a gallop and

at the same time to reduce the size of the vertical GRF.

A large difference in the GRFs at the front and rear
legs results in a high pitching motion and eventual
instability of the quadruped robot. Note that it is not
simply the size of the GRF but squares of the GRF.
Thus, the term associated with the GRF in the cost
function would minimize the possibility of too much
imbalanced GRF at the front and rear legs, which
would result in a large pitching angle of the body (or
base). Thus, the resulting trajectory would be energy
efficient and stable.

As indicated in Section 2.2, the elliptic angles at
transitions, £€ R*, are used as the chromosome.
Since the elliptic trajectory would result in the feet
turning in the clockwise direction,

0<¢2(t;)<¢1(t;)<27r,

which is used as another constraint to be satisfied. If
this condition was not met for a certain chromosome,
it would not be regarded as a good chromosome and
thus would be tossed out of the population.

3.3 Operators for RCGA

As an RCGA operator, arithmetical crossover and
bounded mutation are used. Arithmetical crossover
gives a wider variety of population values; however,
bounded mutation provides a more global solution.

* Arithmetical crossover

= Azi+ (1= A)zs
=Adzi+(1-Alzf (1= j=n)

Sl

This operator is defined as a linear combination of
two vectors. If X“and X' are to be crossed, this
operator uses a random value A,4€[0,1] as it al-
ways guarantees closedness.

* Bounded mutation

G5 = ~[=]=

(g e
z;"| x;

This operator also requires a single parent X ; and
produces a single offspring X ;. The operator is a
variation of the uniform mutation with X, A being
either the ends of the domain, each with equal prob-
ability.

3.4 Environment model

In the sagittal plane, a galloping simulation of the
quadruped robot was carried out. We defined the four
fixed parameters as base initial height of 0.31 m, base
initial velocity of 2.5 m/s, center of elliptic trajectory
location, and length of elliptic trajectory as shown in
Table 2. By using the commercial software, Re-
curDyn”, the contact force between the foot and the
ground is computed with

"y 5m;

E =ko™ +c£:‘5
g

Table 2. Fixed parameters.

Length of Major|Length of Minor
e i Axis (m) Axis (m)
Front | -0.05m | -0.16 m 0.1 0.03
Rear | -0.02m | -0.145m 0.1 0.03
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Table 3. GA parameters.

Max. generation 200
Population 60
Chromosome length 4
Crossover ratio 0.9

Mutation ratio 0.02

3.5 Genetic algorithm parameters

In the GA section, for fast convergence and an ac-
curate solution, we adopted the RCGA with gradient-
like selection and used simple crossover and bound-
ary mutation methods. The parameters on the GA are
summarized in Table 3.

3.6 Simulation results

In this paper, commercial software called Re-
curDyn®, a dynamic modeling and simulation tool, is
used. It offers various kinds of joints, bodies, actua-
tors, sensors and constraint blocks to build up a dy-
namic model and reflects its physical and dynamical
parameters like coordinates, length and mass of links,
geometrical constraints, etc. It has the advantage of
being convenient in simulations without developing
complicated mathematical equations and dynamics.

A simulation of the quadruped robot running on a
flat ground is performed. The simulation is executed
for 3 seconds. When the simulation of the resulting
optimized trajectory is completed, the quadruped
robot completes 13 cycles of gallop and moves ap-
proximately 7.5 m in distance.

Fig. 6 shows how the value of the cost function
changes as the simulation progresses. Approximately,
after the 21st generation, it reaches close to its mini-
mum value and becomes almost steady. The stability
of the resulting gallop trajectory is verified with the
phase plot shown in Fig. 7. In this multi-body and
high-nonlinear dynamic quadruped robot, a phase plot
of the pitch angle and the pitch angle rate of the body
(or the base) is a good choice in verifying the stability
of the robot. Regular pattern of the pitch motion of
the body (or the base) shown in Fig. 7 also indicates
that the galloping is stable. The resulting joint angle
and angular velocity are shown in Fig. 8. The trajec-
tory of the COG of the quadruped robot is shown in
Fig. 9.

Fig. 10 shows the actual trajectory of the feet,
which is not of an elliptical shape at all. This is due to
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Fig. 6. Objective function.
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Fig. 8. Motion at the joints.
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the fact that changes in the center position of the tra-
jectory ellipse are made by the force feedback. The
optimized trajectory resulting from the GA, compared
with the previous research results, where trajectory
parameters were tuned by trial-and-error, shows sig-
nificant improvements in joint torque and contact
force (or GRF). With the optimized trajectory, the
total consumed energy is reduced by 30%. Figs. 11
and 12 compare the joint torque and the ground con-
tact force or GRF, respectively. Fig. 13 shows the
consecutive scenes of the quadruped robot galloping
with the optimized trajectory.
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(a) Joint torque with a stable trajectory found by trial-and-
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(b) Joint torque with the trajectory found with the genetic
algorithm

Fig. 11. Comparison in joint torque.
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Fig. 12. Comparison in the vertical contact force or GRF.
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Fig. 13. Consecutive scenes of the quadruped robot galloping
on a flat surface.
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4. Conclusions

Optimized trajectory is obtained with a genetic al-
gorithm for a galloping quadruped robot, which has
four active joints and two passive joints in each leg.
The proposed optimized elliptic trajectory makes it
possible to generate stable galloping motions based
on an elliptic trajectory, which mimics the motions of
an animal. A galloping trajectory is divided into three
main phases for the purpose of trajectory generation.
The trajectory in each phase is represented by poly-
nomials in time, which are then optimized for stability
and energy efficiency. Optimal locations of the inter-
sections of the phases are found with a genetic algo-
rithm. The galloping height and body posture are
maintained through the impact force control with the
optimized leg trajectory. In the near future, the trajec-
tory designed in the work will be applied to a real
quadruped robot.
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